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2SWLPL]DWLRQ UHIHUV WR D FODVV RI FRPSXWDWLRQDO SUREOHPV RI JUHDW SUDFWLFDO DQG HFRQRPLF VLJQLILFDQFH�

$ FRPSDQ\ PLJKW QHHG WR GHWHUPLQH WKH VKRUWHVW URXWH E\ ZKLFK D VDOHV UHSUHVHQWDWLYH PLJKW WUDYHO

EHWZHHQ D VSHFLILHG VHW RI JHRJUDSKLF ORFDWLRQV �´WUDYHOOLQJ VDOHVPDQ SUREOHPµ�� 2U JLYHQ WKDW DLUOLQH

SULFHV VRPHWLPHV LUUDWLRQDOO\ SULFH WUDYHO EHWZHHQ DGMRLQLQJ FLWLHV PXFK KLJKHU WKDQ WUDYHO EHWZHHQ

UDWKHU GLVWDQW ORFDWLRQV� WKH SUREOHP PLJKW EH PRGLILHG WR ILQGLQJ WKH RUGHU IRU YLVLWV WKDW PLQLPL]HV

WKH WUDYHO FRVW�0DQXIDFWXUHUV DUH JUHDWO\ FRQFHUQHG WR ILQG WKH DUUDQJHPHQW RI SULQWHG FLUFXLW WUDFHV�

IRU D JLYHQ VHW RI FRPSRQHQWV� WKDW PLQLPL]HV WKH PDQXIDFWXULQJ FRVW RI WKH FLUFXLW ERDUG�� $QG

VFLHQWLVWV DQG HQJLQHHUV RI DOO SHUVXDVLRQV DUH LQWHUHVWHG LQ GHWHUPLQLQJ WKH ´EHVWµ YDOXHV RI WKHRUHWLFDO

SDUDPHWHUV �IXQGDPHQWDO FRQVWDQWV� IRU H[DPSOH� RU PHUHO\ HPSLULFDO ILWWLQJ SDUDPHWHUV� E\ PLQLPL]�

LQJ WKH GHYLDWLRQ EHWZHHQ D PDWKHPDWLFDO PRGHO DQG PHDVXUHPHQWV�
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,Q FRQQHFWLRQ ZLWK WKH ODWWHU� ZH VDZ LQ WKH ODVW FKDSWHU KRZ ZH FDQ UHSUHVHQW D JLYHQ IXQFWLRQ E\ D

ILQLWH VXP RI VWDQGDUG IXQFWLRQV �SRO\QRPLDOV� VLQHV DQG FRVLQHV� DQG ZDYHOHWV DUH W\SLFDO� ZLWK

XQNQRZQ FRHIILFLHQWV� 7KLV ZDV D OLQHDU ILW� WKH XQNQRZQ FRHIILFLHQWV EHLQJ GHWHUPLQHG E\ UHTXLULQJ

WKDW WKH\ PLQLPL]H WKH HUURU�ZHLJKWHG VTXDUHG GHYLDWLRQ IURP WKH GDWD�

+RZHYHU� VRPHWLPHV ZH PXVW ILW GDWD E\ D IXQFWLRQ WKDW GHSHQGV QRQOLQHDUO\ RQ LWV SDUDPHWHUV�

&RQVLGHU
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$OWKRXJK WKH GHSHQGHQFH RQ WKH SDUDPHWHU ) LV OLQHDU� WKDW RQ WKH SDUDPHWHUV α DQG ; LV GHFLGHGO\

QRQOLQHDU� 6HYHUDO VWUDWHJLHV FDQ EH XVHG LQ VXFK FDVHV� 7KH VLPSOHVW� ZKHQ LW LV SRVVLEOH� LV WR WUDQVIRUP

WKH GDWD� WR PDNH WKH GHSHQGHQFH RQ WKH SDUDPHWHUV OLQHDU� 7KDW LV� ZH UH�H[SUHVV (T� � LQ WKH IRUP

ORJ




)
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,I� IRU H[DPSOH� WKH YDOXH RI ) ZHUH NQRZQ LQ DGYDQFH UDWKHU WKDQ KDYLQJ WR EH GHWHUPLQHG IURP WKH

GDWD WKHPVHOYHV� WKLV WUDQVIRUPDWLRQ ZRXOG EH IHDVLEOH� :H QRWH WKDW WKH WUDQVIRUPHG YDULDEOH

\N = )
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�� 7KHVH H[DPSOHV DUH FRQFHUQHG ZLWK PLQLPL]LQJ FRVW³FOHDUO\� WKDW LV WKH VDPH DV PD[LPL]LQJ SURILW�
7KDW LV� WR PD[LPL]H ZH FDQ PLQLPL]H WKH QHJDWLYH RI WKH IXQFWLRQ WR EH PD[LPL]HG�



LV OLQHDU LQ α; DQG α� VR D OLQHDU OHDVW VTXDUHV ILW ZLOO GHWHUPLQH α� WKHQ ;� %XW LQ (T� � QR

WUDQVIRUPDWLRQ ZLOO UHQGHU OLQHDU WKH GHSHQGHQFH RQ DOO WKUHH SDUDPHWHUV DW RQFH� �1HYHUWKHOHVV

SRVLQJ WKH SUREOHP LQ WKH IRUP (T� � PLJKW VLPSOLI\ WKH ODERU RI GHWHUPLQLQJ WKH WKUHH SDUDPHWHUV�

VR WKLV DYHQXH RXJKW WR EH H[SORUHG��

7KXV ZH DUH IUHTXHQWO\ FRQIURQWHG ZLWK KDYLQJ WR PLQLPL]H QXPHULFDOO\ D FRPSOLFDWHG IXQFWLRQ RI

VHYHUDO SDUDPHWHUV� /HW XV GHQRWH WKHVH E\ θ� � θ� � … � θ1−� � DQG GHQRWH WKHLU SRVVLEOH UDQJH RI

YDULDWLRQ E\ R� 7KHQ ZH ZDQW WR ILQG WKRVH YDOXHV RI ^ θ`⊂ R WKDW PLQLPL]H D SRVLWLYH IXQFWLRQ�

χ� 

θ
__
� �… � θ

__
1−� 

= PLQ
^ θ`⊂ R

χ� 

θ� �… θ1−� 

� ���

2QH ZD\ WR DFFRPSOLVK WKH PLQLPL]DWLRQ XVHV FDOFXOXV� YLD WKH PHWKRG RI VWHHSHVW GHVFHQWV� 7KH LGHD

LV WR GLIIHUHQWLDWH WKH IXQFWLRQ χ� ZLWK UHVSHFW WR HDFK θN� DQG WR VHW WKH UHVXOWLQJ 1 HTXDWLRQV HTXDO

WR ]HUR� VROYLQJ IRU WKH1θ
__
·V� 7KLV LV JHQHUDOO\ D SUHWW\ WDOO RUGHU� KHQFH YDULRXV DSSUR[LPDWH� LWHUDWLYH

WHFKQLTXHV KDYH EHHQ GHYHORSHG� 7KH VLPSOHVW MXVW VWHSV DORQJ LQ θ�VSDFH� DORQJ WKH GLUHFWLRQ RI WKH
ORFDO GRZQKLOO JUDGLHQW −∇ χ�� XQWLO D PLQLPXP LV IRXQG� 7KHQ D QHZ JUDGLHQW LV FRPSXWHG� DQG D

QHZ PLQLPXP VRXJKW��

$VLGH IURP WKH ODERU RI FRPSXWLQJ −∇ χ�� VWHHSHVW GHVFHQWV KDV WKUHH PDLQ GUDZEDFNV� ILUVW� LW RQO\

ZRUNV IRU FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQV�� :H VRPHWLPHV ZDQW WR RSWLPL]H IXQFWLRQV ZLWK

HQG�SRLQW PLQLPD RU GLVFLQWLQXRXV GHULYDWLYHV� 6HFRQG� LW RQO\ JXDUDQWHHV WR ILQG D PLQLPXP� QRW

QHFHVVDULO\ WKH DEVROXWH PLQLPXP³LI D IXQFWLRQ KDV VHYHUDO ORFDO PLQLPD� VWHHSHVW GHVFHQWV PD\ QRW

ILQG WKH ORZHVW� :RUVH� FRQVLGHU D IXQFWLRQ WKDW KDV D PLQLPXP LQ WKH IRUP RI D VWHHS�VLGHG JXOOH\

WKDW ZLQGV VORZO\ GRZQKLOO WR D GHFOLYLW\³VRPHZKDW OLNH WKH FKDQQHO RI D PHDQGHULQJ ULYHU� $ QDLYH

VWHHSHVW GHVFHQWV URXWLQH ZLOO WKHQ VSHQG DOO LWV WLPH ERXQFLQJ XS DQG GRZQ WKH EDQNV RI WKH JXOOH\�

UDWKHU WKDQ SURFHHGLQJ DORQJ LWV ERWWRP� VLQFH WKH VWHHSHVW JUDGLHQW LV DOZD\V QHDUO\ SHUSHQGLFXODU

WR WKH OLQH RI WKH FKDQQHO� $QG WKLUG� RQHPXVW DFWXDOO\ FRPSXWH WKH GHULYDWLYHV HLWKHU DV FORVHG�IRUP

IXQFWLRQV RU YLD LQWHUSRODWLRQ�
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%HIRUH GLVFXVVLQJ IXQFWLRQV RI VHYHUDO YDULDEOHV� OHW XV FRQVLGHU PLQLPL]LQJ D IXQFWLRQ RI D VLQJOH

YDULDEOH� 6LQFH ZH NQRZ KRZ WR ILQG URRWV RI IXQFWLRQV WKLV PLJKW EH DV VLPSOH DV VHHNLQJ URRWV RI WKH

ILUVW GHULYDWLYH� DVVXPLQJ ZH FDQ FDOFXODWH LW� 2U ZH FRXOG VHHN WKH PLQLPXP EH VRPHWKLQJ DNLQ WR

ELQDU\ VHDUFK� (LWKHU ZD\ ZH QHHG WR EUDFNHW WKH PLQLPXP³WKDW LV� WR ILQG D VHW RI SRLQWV

D < E < F IRU ZKLFK I(E) < I(D) DQG I(E) < I(F)� 2QFH ZH NQRZ ZKHUH D PLQLPXP PD\ EH IRXQG�

ZH QHHG D VHDUFK VWUDWHJ\� 2QH RI WKH PRVW SRSXODU� LV WKH JROGHQ VHFWLRQ VHDUFK� 7KH LGHD LV WKDW ZH

�& #�	 ���	������	��$����%
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�� 7KLV LV QRW E\ LWVHOI YHU\ XVHIXO� 8VHIXO PRGLILFDWLRQV FDQ EH IRXQG LQ:�+� 3UHVV� %�3� )ODQQHU\� 6�$� 7HXN�
ROVN\ DQG:�7� 9HWWHUOLQJ�1XPHULFDO 5HFLSHV� WKH DUW RI VFLHQWLILF FRPSXWLQJ �&DPEULGJH 8QLYHUVLW\ 3UHVV�
&DPEULGJH� ������ S� ��� II�

�� 7KDW LV� IXQFWLRQV ZKRVH ILUVW GHULYDWLYH LV FRQWLQXRXV�

�� 3UHVV� HW DO�� LELG�� S� ��� II�



JXHVV D QHZ SRLQW [ O\LQJ LQ� VD\� (E� F)� DQG GHWHUPLQH ZKHWKHU LW LV VPDOOHU WKDQ I(E)� ,I VR� RXU QHZ
ERXQGLQJ VHW LV E < [ < F DQGZH LWHUDWH�2WKHUZLVH WKH QHZ ERXQGLQJ VHW LV (D� E� [)� �$QGZH LWHUDWH
LQ WKDW FDVH��

:H ZDQW WR JXHVV [ VR DV WR UHGXFH WKH LQWHUYDO E\ WKH ODUJHVW DPRXQW SRVVLEOH RQ HDFK LWHUDWLRQ�

+HQFH ZH SLFN LW WR OLH LQ WKH ODUJHU RI WKH WZR LQWHUYDOV� (D� E) RU (E� F)� 1RZ VXSSRVH WKH SRLQW E OLHV

D IUDFWLRQ Z IURP WKH OHIW HQG RI WKH LQWHUYDO� L�H�

Z = E − D

F − D
� � −Z = F − E

F − D
�

DQG WKDW WKH QHZ JXHVV OLHV D IUDFWLRQ ] EH\RQG E�

] = [ − E

F − D
�

7KHQ WKH QHZ ERXQGLQJ LQWHUYDO ZLOO EH Z + ] ZLGH �LI LW LV D < [ < E� RU � −Z ZLGH LQ WKH RWKHU

FDVH� 6R ZH FKRRVH ] WR PDNH WKHVH HTXDO�

] = � − �Z �

1RZ ZKHUH GLG Z FRPH IURP" :H PD\ VXSSRVH LW DURVH LQ D SUHYLRXV LWHUDWLRQ� LQ ZKLFK FDVH LW ZDV

WKH RSWLPDO FKRLFH E\ WKLV UXOH� 7KDW LV� LI ] LV RSWLPDO QRZ� LW PXVW EH WKH VDPH IUDFWLRQ RI WKH GLVWDQFH

IURP E WR F �DVVXPLQJ WKDW ZDV WKH ODUJHU VHJPHQW� DV E ZDV WR WKH GLVWDQFH IURP D WR F� 7KDW LV� ZH

PXVW KDYH

]

� −Z
≡ � − �Z

� − Z
= Z

RU

Z� − �Z + � = � � ���

7KH VROXWLRQ RI (T� � WKDW LV VPDOOHU WKDQ � LV

Z = � − √�
�

≈ �������… �

7KLV LV WKH *ROGHQ 0HDQ RU *ROGHQ 6HFWLRQ� 7KH SURJUDP WR FDUU\ WKLV RXW PD\ EH ZULWWHQ LQ

SVHXGRFRGH DV

\ Golden mean function minimizer, after 
\ Press, et al., Numerical Recipes, 1st ed., p. 277.

\ say use( fn.name a b c )minimize

v: dummy \ dummy function name

: )minimize ( f: a b c epsilon -- x)  ( xt --)
FLOCALS| epsilon cc bb aa | \ local variable names
defines dummy
f" FMIN(aa,cc)"  f" cc = MAX(aa,cc)" aa F! \ re-order limits
BEGIN new_x   rearrange_limits converged? UNTIL

   new_x  |FLOCALS ;
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5hUbSYcU
3_^fUbd dXU `bUSUTY^W `cUeT_S_TU Y^d_ Q g_b[Y^W `b_WbQ]�

,W LV ZRUWK NHHSLQJ LQ PLQG WKDW �DSSURSULDWHO\ VPRRWK� IXQFWLRQV� LQ WKH YLFLQLW\ RI D PLQLPXP� ORRN

OLNH

I([) ≈ I([�) + �

�
I′′([�) ([ − [�)

�
�

,Q WKDW FDVH� LI ε LV WKH UHODWLYH SUHFLVLRQ RI D IORDWLQJ SRLQW QXPEHU �DURXQG ��²�� LQ ,((( GRXEOH

SUHFLVLRQ� ZH VHH WKDW

� ε _I([�)_ ≈ α� _I′′([�)_ [�
�

ZKHUH α LV WKH SUHFLVLRQ ZKLFK ZH VKRXOG VSHFLI\ IRU WKH ORFDWLRQ RI WKH PLQLPXP� 7KDW LV� ZH KDYH

α ≈ √ε �
,QZRUGV�ZH VKRXOGQRWWU\ WR ORFDWH WKHSRVLWLRQRI WKHPLQLPXPZLWKUHODWLYHSUHFLVLRQEHWWHU WKDQ

√ε OHVW ZH IRUFH WKH SURJUDP LQWR DQ HQGOHVV ORRS�
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6RPHWLPHV D IXQFWLRQ LV VR FRPSOH[ WKDW LWV JUDGLHQW LV WRR H[SHQVLYH WR FRPSXWH� &DQ ZH ILQG D

PLQLPXP ZLWKRXW HYDOXDWLQJ SDUWLDO GHULYDWLYHV" 6HYHUDO DOJRULWKPV WKDW GR WKLV KDYH EHHQ GHYLVHG�

+HUH ZH H[SORUH WZR RI WKHP� WKH VLPSOH[ PHWKRG DQG VLPXODWHG DQQHDOLQJ�

)�������
�*�������
7KH LGHD EHKLQG WKH VLPSOH[ PHWKRG LV WR FRQVWUXFW D VLPSOH[³D VHW RI 1�� GLVWLQFW DQG

QRQ�GHJHQHUDWH� YHUWLFHV LQ WKH1�GLPHQVLRQDO θ�VSDFH� :H HYDOXDWH WKH IXQFWLRQ I WR EH PLQLPL]HG

DW HDFK RI WKH YHUWLFHV� DQG VRUW WKH WDEOH RI YHUWLFHV E\ WKH VL]H RI DW HDFK YHUWH[� WKH EHVW �VPDOOHVW

I� RQ WRS� WKH ZRUVW DW WKH ERWWRP� 7KH VLPSOH[ DOJRULWKP WKHQ FKRRVHV D QHZ SRLQW LQ θ�VSDFH XVLQJ
D VWUDWHJ\ WKDW LQ DFWLRQ VRPHZKDW UHVHPEOHV WKH EHKDYLRU RI DQ DPRHED VHHNLQJ LWV IRRG�

$ VWDQGDUG )RUWUDQ VXEURXWLQH IRU WKH VLPSOH[ PHWKRG KDV WKH GLVDGYDQWDJHV RI EHLQJ PRUH WKDQ D

SDJH ORQJ DQG FRQWDLQLQJ GHHSO\ QHVWHG FRQWURO VWUXFWXUHV� ,W LV WKXV KDUG WR GHFLSKHU³WKH FRUUH�

VSRQGLQJ IORZ FKDUW �VHH S� �� EHORZ� WRRN VRPH WLPH WR FRQVWUXFW�

,I WKH )RUWUDQ LV WUDQVODWHG GLUHFWO\ WR D PRUH VWUXFWXUHG IRUP LQ� VD\� )RUWK DV VKRZQ EHORZ �ZLWK WKH

YDULRXV RSHUDWLRQV RQ WKH VLPSOH[ IDFWRUHG RXW LQWR VXEURXWLQHV�� WKH LQGHILQLWH RXWHU ORRS �VLPXODWHG

�+ #�	 ���	�������$���
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�� ´1RQ�GHJHQHUDWHµ PHDQV WKH JHRPHWULFDO REMHFW� IRUPHG E\ FRQQHFWLQJ WKH 1�� YHUWLFHV ZLWK VWUDLJKW
OLQHV� KDV QRQ�]HUR 1�GLPHQVLRQDO YROXPH� IRU H[DPSOH� LI 1 �� WKH VLPSOH[ LV D WULDQJOH�



      SUBROUTINE AMOEBA(P,Y,MP,NP,NDIM,FTOL,FUNK,ITER)
    C from Press, et al., "Numerical Recipes", p. 292.
      PARAMETER (NMAX=20,ALPHA=1.0,BETA=0.5,GAMMA=2.0,ITMAX=500)
      DIMENSION P(MP,NP),Y(MP),PR(NMAX),PRR(NMAX),PBAR(NMAX)
      MPTS=NDIM+1
      ITER=0
 1    ILO=1
      IF(Y(1).GT.Y(2))THEN
        IHI=1
        INHI=2
      ELSE
        IHI=2
        INHI=1
      ENDIF
      DO 11 I=1,MPTS
        IF(Y(I).LT.Y(ILO)) ILO=I
        IF(Y(I).GT.Y(IHI))THEN
          INHI=IHI
          IHI=I
        ELSE IF(Y(I).GT.Y(INHI))THEN
          IF(I.NE.IHI) INHI=I
        ENDIF
 11    CONTINUE
      RTOL=2.*ABS(Y(IHI)-Y(ILO))/(ABS(Y(IHI))+ABS(Y(ILO)))
      IF(RTOL.LT.FTOL)RETURN
      IF(ITER.EQ.ITMAX) PAUSE ’Amoeba exceeding maximum iterations.’
      ITER=ITER+1
      DO 12 J=1,NDIM
        PBAR(J)=0.
 12    CONTINUE
      DO 14 I=1,MPTS
        IF(I.NE.IHI)THEN
          DO 13 J=1,NDIM
            PBAR(J)=PBAR(J)+P(I,J)
 13        CONTINUE
        ENDIF
 14    CONTINUE
      DO 15 J=1,NDIM
        PBAR(J)=PBAR(J)/NDIM
        PR(J)=(1.+ALPHA)*PBAR(J)-ALPHA*P(IHI,J)
 15    CONTINUE
      YPR=FUNK(PR)
      IF(YPR.LE.Y(ILO))THEN
        DO 16 J=1,NDIM
          PRR(J)=GAMMA*PR(J)+(1.-GAMMA)*PBAR(J)
 16      CONTINUE
        YPRR=FUNK(PRR)
        IF(YPRR.LT.Y(ILO))THEN
          DO 17 J=1,NDIM
            P(IHI,J)=PRR(J)
 17        CONTINUE
          Y(IHI)=YPRR
        ELSE
          DO 18 J=1,NDIM
            P(IHI,J)=PR(J)
 18        CONTINUE
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          Y(IHI)=YPR
        ENDIF
      ELSE IF(YPR.GE.Y(INHI))THEN
        IF(YPR.LT.Y(IHI))THEN
          DO 19 J=1,NDIM
            P(IHI,J)=PR(J)
 19        CONTINUE
          Y(IHI)=YPR
        ENDIF
        DO 21 J=1,NDIM
          PRR(J)=BETA*P(IHI,J)+(1.-BETA)*PBAR(J)
 21      CONTINUE
        YPRR=FUNK(PRR)
        IF(YPRR.LT.Y(IHI))THEN
          DO 22 J=1,NDIM
            P(IHI,J)=PRR(J)
 22        CONTINUE
          Y(IHI)=YPRR
        ELSE
          DO 24 I=1,MPTS
            IF(I.NE.ILO)THEN
              DO 23 J=1,NDIM
                PR(J)=0.5*(P(I,J)+P(ILO,J))
                P(I,J)=PR(J)
 23            CONTINUE
              Y(I)=FUNK(PR)
            ENDIF
 24        CONTINUE
        ENDIF
      ELSE
        DO 25 J=1,NDIM
          P(IHI,J)=PR(J)
 25      CONTINUE
        Y(IHI)=YPR
      ENDIF
      GO TO 1
      END 
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LQ WKH )RUWUDQ URXWLQH E\ WKH SHQXOWLPDWH GOTO 1 VWDWHPHQW� DSSHDUV DV D BEGIN…
WHILE… REPEAT ORRS WKDW LV QRW QHDUO\ VR ORQJ� 1HYHUWKHOHVV� WKH WULSO\ QHVWHG IF…
ELSE… THENV PDNH WKH FRQWURO ORJLF KDUG WR IROORZ�

: )MINIMIZE INITIALIZE
BEGIN   not_done?  N max_iter <  AND
WHILE REFLECT ( worst point thru geocenter of the rest to get x’)

x’ Best_point   better?
IF DOUBLE  ( find a point x’’ twice as far from geocenter)

x’’ Best_point   better?
IF store x’’ ELSE store x’  ENDIF

ELSE
x’  2nd_Worst_point   better?
IF store x’
ELSE x’ Worst_point   better?

IF  store x’  ENDIF
HALVE  ( find x’’ 0.5 as far from geocenter as REFLECTed pt)
x’’ Worst_point   better?
IF store x’’
ELSE SHRINK  ( uniformly shrink all points toward Best_point)
ENDIF

ENDIF
ENDIF

REPEAT ;
7KH VLPSOH[ DOJRULWKP DWWHPSWV WR ILQG D SRLQW FORVHU WR WKHPLQLPXP WKDQ DQ\ RI WKH FXUUHQW YHUWLFHV

RI WKH VLPSOH[ E\ PRYLQJ DZD\ IURP WKH ZRUVW YHUWH[ �WKDW ZLWK WKH KLJKHVW YDOXH RI WKH IXQFWLRQ��
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)LUVW D QHZ WULDO SRLQW LV IRXQG E\ UHIOHFWLQJ WKH ZRUVW YHUWH[ WKURXJK WKH JHRPHWULFDO FHQWHU RI WKH

RWKHU YHUWLFHV �REFLECT�� ,I WKDW SRLQW LV EHWWHU WKDQ WKH EHVW YHUWH[ VR IDU� WKHQ WKH DOJRULWKP ORRNV

WZLFH DV IDU LQ WKH VDPH GLUHFWLRQ �DOUBLE�� WKH EHWWHU RI WKH WZR WULDO SRLQWV UHSODFLQJ WKH IRUPHU
ZRUVW YHUWH[� 2Q WKH RWKHU KDQG� LI WKH WULDO SRLQW IRXQG DIWHU REFLECTLRQ LV QRW EHWWHU WKDQ WKH

EHVW� WKH DOJRULWKP LQTXLUHV ZKHWKHU LW LV JRRG HQRXJK WR NHHS³WKDW LV� LV LW ORZHU WKDQ WKH

VHFRQG�KLJKHVW YHUWH[� ,I VR LW UHSODFHV WKH ZRUVW YHUWH[�:KDW LI LW LV QRW EHWWHU WKDQ WKH VHFRQG�ZRUVW

YHUWH[" 7KHQ WKH URXWLQH WHVWV ZKHWKHU LW LV EHWWHU WKDQ WKH ZRUVW� ,I VR LW UHSODFHV WKH ZRUVW� EXW

EHIRUH HQGLQJ WKH RXWHU ORRS� D QHZ RSHUDWLRQ LV SHUIRUPHG� D WULDO SRLQW LV IRXQG KDOIZD\ EHWZHHQ

WKH ROG WULDO SRLQW DQG WKH JHRFHQWHU RI WKH RWKHUV �HALVE�� ,I WKLV QHZ SRLQW LV DQ LPSURYHPHQW

RYHU WKH ZRUVW SRLQW� LW LV VWRUHG� RWKHUZLVH D ODVW� GHVSHUDWH DWWHPSW WR LPSURYH WKLQJV LV PDGH� WKH

ORZHVW YHUWH[ LV KHOG IL[HG DQG WKH UHVW RI WKH VLPSOH[ LV VKUXQN XQLIRUPO\ WRZDUG LW E\ VRPH VFDOH

IDFWRU�

$ FRPSOH[ VHTXHQFH RI RSHUDWLRQV UHTXLULQJPXOWLSOH GHFLVLRQV RIWHQPD\ EHPRUH FOHDUO\ UHSUHVHQWHG

E\ D ILQLWH VWDWH PDFKLQH WKDQ E\ D PXOWLSO\ EUDQFKLQJ ELQDU\ ORJLF WUHH� $ VWDWH PDFKLQH LV WKH VRIWZDUH

DQDORJ RI FHUWDLQ HOHFWURPHFKDQLFDO GHYLFHV� �VXFK DV WKH GHYLFH WKDW DFFHSWV FRLQV LQ D YHQGLQJ

PDFKLQH� GLVSHQVLQJ JRRGV� PDNLQJ FKDQJH� DQG UHMHFWLQJ VOXJV DV QHFHVVDU\�� 6WDWH PDFKLQHV DUH

RIWHQ UHSUHVHQWHG E\ JUDSKV� EXW IRU SURJUDPPLQJ SXUSRVHV D WDEXODU UHSUHVHQWDWLRQ LV FOHDUHU�

7KH VLPSOH[ DOJRULWKP UHTXLUHV XV WR GHWHUPLQH ZKHWKHU WKH WULDO YHUWH[ LV EHWWHU WKDQ WKH EHVW�

EHWZHHQ WKH EHVW DQG WKH VHFRQG�ZRUVW� EHWZHHQ WKH VHFRQG�ZRUVW DQG WKH ZRUVW� RU ZRUVH WKDQ WKH

ZRUVW� 7KDW LV� WKHUH DUH IRXU SRVVLELOLWLHV WKDW GHWHUPLQH IRXU FRXUVHV RI DFWLRQ� 7KHVH FDQ EH

UHSUHVHQWHG DV LQ WKH WDEOH EHORZ�

VWDWH ? LQSXW 5 � EHVW" EHVW�5��ZRUVW" �ZRUVW�5�ZRUVW" ZRUVW�5"

reflected store x’
DOUBLE
→ × �

store x’
→ exit

store x’
HALVE

→ 1⁄2

HALVE
→ �⁄�

× 2 store x’’
→ exit

noop
→ exit

QRRS → exit QRRS → exit

1⁄2 noop→ exit noop→ exit store x’
→ exit

SHRINK
→ exit

exit

(DFK FHOO FRQWDLQV DQ DFWLRQ �RU VHW RI DFWLRQV� DQG D VWDWH WUDQVLWLRQ WR EH PDGH DIWHU WKH DFWLRQ LV

WDNHQ� 7KH FROXPQ ODEHOV DUH LQSXWV WKDW PXVW H[KDXVW DOO SRVVLELOLWLHV� DQG WKH URZ ODEHOV UHSUHVHQW

WKH VWDWH WKH PDFKLQH LV LQ ZKHQ SUHVHQWHG ZLWK WKH LQSXW UHSUHVHQWHG E\ WKH FROXPQ ODEHO� 7KH VWDWH

&" #�	 ���	�������$���
�$����%
��

�� =YL .RKDYL� 6ZLWFKLQJ DQG )LQLWH $XWRPDWD 7KHRU\� �QG HG� �0F*UDZ�+LOO 3XEOLVKLQJ &R� 1HZ <RUN�
������



ODEHOOHG ´H[LWµ LV D WHUPLQDO VWDWH� KHQFH LWV FHOOV FRQWDLQ QHLWKHU DFWLRQV QRU WUDQVLWLRQV� 7KH noop
�´GR QRWKLQJµ� DFWLRQ FRXOG� LI RQH ZLVKHG� EH UHSODFHG E\ DQ HUURU KDQGOHU WKDW ZRXOG LQIRUP XV

LI³VD\ E\ KDUGZDUH IDLOXUH³WKH �VRIWZDUH� ILQLWH VWDWH PDFKLQH KDV ODQGHG LQ D FHOO WKDW VKRXOG EH

LPSRVVLEOH WR UHDFK �WKHVH FHOOV DUH LQGLFDWHG E\ EHLQJ WLQWHG��

7KH FKLHI YLUWXH RI WKH VWDWHPDFKLQH UHSUHVHQWDWLRQ RI FRPSOH[ ORJLF LV WKH LPSRVVLELOLW\ RI SURGXFLQJ

´GHDGµ FRGH WKDW LV LPSRVVLEOH WR UHDFK� 0RUHRYHU WKH VWDWH WUDQVLWLRQ WDEOH VKRZV H[SOLFLWO\ ZKLFK

LQSXW OHDGV WR ZKLFK DFWLRQ� :LWK VXFK D VWDWH PDFKLQH �FDOOHG slither EHORZ�� WKH )MINIMIZE
VXEURXWLQH EHFRPHV

: )MINIMIZE INITIALIZE
BEGIN   not_done?  N max_iter <  AND
WHILE REFLECT ( worst point thru geocenter of the rest to get x’)

reflected  >state slither ( initialize FSM)
BEGIN test_x’ ( result is a column number, 0-3)

slither ( operate FSM)
state: slither ( get current state)
exit = ( test for exit state)

UNTIL
REPEAT  ;

ZKLFK� ZKHQ DFFRPSDQLHG E\ WKH FRGH IRU slither LQ WDEXODU IRUPDW� LV PXFK HDVLHU WR IROORZ WKDQ

WKH SUHYLRXV YHUVLRQ� 3UHFLVHO\ KRZ WKH VWDWH PDFKLQH LV LPSOHPHQWHG LV XS WR WKH SURJUDPPHU� )RU

H[DPSOH� D CASE… ENDCASE FRQWURO VWUXFWXUH ZRXOG ILW WKH ELOO� )RUWK LV VR YHUVDWLOH LW KDV EHHQ

SRVVLEOH WR GHYLVH D PHWKRG RI FRPSLOLQJ D WDEXODU UHSUHVHQWDWLRQ UHVHPEOLQJ WKDW DERYH GLUHFWO\ LQWR

D VXEURXWLQH�� 7KLV ODWWHU PHWKRG LV HVVHQWLDOO\ VHOI�GRFXPHQWLQJ�

����
������		��
�	�
7KLV PHWKRG KDV EHFRPH LPSRUWDQW LQ ´VROYLQJµ FHUWDLQ 13�FRPSOHWH SURJUDPPLQJ WDVNV �WKLV WHUP

PHDQV WKDW WKH SUREOHP·V UXQQLQJ WLPH VFDOHV OLNH Hλ1ZLWK WKH VL]H RI WKH SUREOHP�� $OWKRXJK LW PLJKW

UHTXLUH D YHU\ ORQJ WLPH WR JHW DQ H[DFW VROXWLRQ³IRU H[DPSOH WKH DEVROXWH PLQLPXP GLVWDQFH D

WUDYHOOLQJ VDOHVPDQ PXVW JR� WR YLVLW 1 FLWLHV LQ D URXQG WULS� RU WKH DEVROXWH PLQLPXP DPRXQW RI

ZLULQJ WR FRQQHFW XS FLUFXLW HOHPHQWV RQ D SULQWHG FLUFXLW ERDUG³LW LV SRVVLEOH WR FRPH FORVH WR WKH

WUXH PLQLPXP LQ D PXFK VKRUWHU WLPH� 7KXV LI RQH FDQ EH VDWLVILHG ZLWK DQ DQVZHU WKDW LV

ZLWKLQ³VD\³�� RI RSWLPXP� WKH FRPSXWLQJ WLPH FDQ EH TXLWH EULHI�

6LPXODWHG DQQHDOLQJ WDNHV LWV QDPH IURP WKHUPRG\QDPLFV�$ FKXQN RI JODVVPLJKW KDYHPDQ\ LQWHUQDO

FUDFNV DQG GLVORFDWLRQV� DQG WKXV EH LQ D VWDWH RI JUHDWHU HQHUJ\ WKDQ D VLPLODU FKXQN WKDW KDV QR

FUDFNV� 7\SLFDOO\ ZH KHDW WKH JODVV DQG VORZO\ FRRO LW WR UHPRYH WKH FUDFNV DQG LQWHUQDO VWUDLQV�

�������
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����������������� � &(
��������! �����������	

�� 6HH� H�J�� -�9� 1REOH� ´$YRLG 'HFLVLRQVµ� &RPSXWHUV LQ 3K\VLFV �� �� ������ ���� -�9� 1REOH� )LQLWH 6WDWH
0DFKLQHV LQ )RUWK �Xdd`*��ggg�ZVQb�_bW�QbdYS\U  !�Xd]\��



)URP D WKHUPRG\QDPLF SRLQW RI YLHZ� WKH SUREDELOLW\ IRU WKH V\VWHP WR EH LQ D VWDWH RI HQHUJ\ ( DW

WHPSHUDWXUH Θ= N7DEVROXWH LV

3 a H−( ⁄ Θ �

7KH LQLWLDO �FUDFNHG� VWDWH RI WKH JODVV LV D ORFDO PLQLPXP� DOWKRXJK QRW WKH DEVROXWH PLQLPXP� RI

WKH HQHUJ\� 7R JHW LQWR DQRWKHU VWDWH³SHUKDSV RI ORZHU HQHUJ\³WKH V\VWHP PXVW SDVV WKURXJK D

´EDUULHUµ RU LQWHUPHGLDWH VWDH RI KLJKHU HQHUJ\� 7KLV LV YHU\ XQOLNHO\ ZKHQ WKH WHPSHUDWXUH LV ORZ�

+RZHYHU� DW KLJKHU WHPSHUDWXUHV WKH JODVV FDQ ZLWK UHDVRQDEOH SUREDELOLW\ SDVV WKURXJK PDQ\

LQWHUPHGLDWH VWDWHV RI KLJKHU HQHUJ\� ,WV PRVW OLNHO\ VWDWH LV� RI FRXUVH� WKH ORZHVW�HQHUJ\ RQH� 7KXV

LI WKH WHPSHUDWXUH LV ILUVW UDLVHG �DQG WKH V\VWHP DOORZHG WR HTXLOLEUDWH� WKHQ VORZO\ ORZHUHG DJDLQ�

WKHUH LV D JRRG FKDQFH WKH V\VHP ZLOO EH WUDSSHG LQ D VWDWH RI ORZHU HQHUJ\� RQH LQ ZKLFK WKH FUDFNV

DQG LQWHUQDO VWUDLQV DUH YLUWXDOO\ QRQH[LVWHQW�

,Q RWKHU ZRUGV� WR PLQLPL]H D IXQFWLRQ I 

α� �… � αQ

ZH FRPSXWH �UDQGRPO\� D WULDO YDOXH RI WKH

YHFWRU α→ = (α� �… � αQ) DQG FRPSDUH I(α→ QHZ ) ZLWK I(α→ ROG ) � ,I WKH QHZ YDOXH LV VPDOOHU� WKHQ LW

UHSODFHV WKH ROG RQH� ,I LW LV ODUJHU� WKHQ D UDQGRP QXPEHU O\LQJ LQ WKH LQWHUYDO >���@ LV FRPSXWHG� ,I

LW LV OHVV WKDQ RU HTXDO WR WKH WUDQVLWLRQ SUREDELOLW\

3 = H[S 

− (IQHZ − IROG) ⁄ Θ


WKH QHZ VWDWH LV DFFHSWHG� RWKHUZLVH LW LV UHMHFWHG�

7KLV SURFHGXUH LV UHSHDWHGPDQ\ WLPHV� DQGDW WKH VDPH WLPH WKH ´WHPSHUDWXUHµΘ LV JUDGXDOO\ UHGXFHG�

$W VRPH SRLQW YHU\ IHZ WUDQVLWLRQV DUH WDNLQJ SODFH� DW ZKLFK SRLQW ZH GHFLGH WKH SURFHVV KDV

FRQYHUJHG� 7R VRPH H[WHQW LW LV XVHIXO WR SURYLGH WKH IHHGEDFN DQG LQWHUDFWLRQ RI D KXPDQ

SURJUDPPHU� VLQFH WKH EHVW VFKHGXOH IRU YDU\LQJ WKH ´WHPSHUDWXUHµ LV E\ QR PHDQV REYLRXV DQG LW LV

RIWHQ D JRRG LGHD WR H[SHULPHQW� 2QH VKRXOG QRW IHHO D JUHDW GHDO RI FRQILGHQFH LQ WKH UHVXOW RI D

VLQJOH UXQ� ,W LV XVXDOO\ YDOXDEOH WR UXQ WKH SURJUDP VHYHUDO WLPHV ZLWK GLIIHUHQW LQLWLDO FRQGLWLRQV WR

VHH ZKHWKHU LW UHDOO\ ILQGV PLQLPD FORVH WR WKH RSWLPXP�

6LPXODWHG DQQHDOLQJ� EHFDXVH RI LWV HPSOR\PHQW RI UDQGRP SURFHVVHV� EHORQJV WR WKH FODVV RI

QXPHULFDO WHFKQLTXHV FDOOHG 0RQWH &DUOR PHWKRGV �DIWHU WKH IDPRXV JDPEOLQJ FDVLQRV RI WKH

3ULQFLSDOLW\ RI 0RQDFR�� :H GLVFXVV RWKHU 0RQWH &DUOR PHWKRGV LQ &KDSWHU ��

&! #�	 ���	�������$���
�$����%
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,PDJLQH \RX DUH D SODQW PDQDJHU� DQG WKDW \RXU IDFWRU\ PDQXIDFWXUHV WKUHH SURGXFWV� IORRU WLOH�

FRXQWHU WRS� DQG ZDOO WLOHV� 7KH PDLQ UDZ PDWHULDOV DUH DVSKDOW DQG YLQ\O� GLIIHULQJ DPRXQWV LQ HDFK

XQLW RI SURGXFW� /DERU DQG PDFKLQH WLPH DUH DOVR UHTXLUHG IRU HDFK SURGXFW� 6XSSRVH WKH LQSXWV DQG

RXWSXWV ORRN OLNH WKLV��

)ORRU
WLOH

&RXQWHU
WRS

:DOO
WLOH

$P·W
�GD\

9LQ\O �� �� �� ����

$VSKDOW � � � ���

/DERU ��� ��� ��� ��

0DFKLQH ��� ��� ��� �

3URILW ����� ���� ���� "

,I ZH FDOO WKH DPRXQWV RI IORRU WLOH� FRXQWHU WRS DQG ZDOO WLOH PDGH SHU GD\ [� � [� � [� WKHQ ZH FDQ

H[SUHVV WKH GDLO\ SURILW DV

3([) = ����� [� + ����[� + ���� [� �

+RZHYHU� ZH FDQQRW PDNH DV PXFK RI HDFK DV ZH ZRXOG OLNH� EHFDXVH WKH VXSSOLHV RI PDWHULDOV� ODERU

DQG PDFKLQH WLPH DUH OLPLWHG� WKDW LV�

�� [� + �� [� + �� [� ≤ ����

� [� + � [� + � [� ≤ ���

��� [� + ��� [� + ��� [� ≤ ��

��� [� + ��� [� + ��� [� ≤ �

7KH ILUVW WKLQJ ZH UHDOL]H LV WKDW WKH [·V DUH DOO SRVLWLYH VLQFH ZH FDQQRW PDNH OHVV WKDQ QRQH RI D

SURGXFW� 1H[W ZH UHDOL]H WKHUH DUH PRUH LQHTXDOLWLHV WKDQ LQGHSHQGHQW YDULDEOHV �[·V�� 6R LW PD\ QRW

EH SRVVLEOH WR VDWLVI\ DOO RI WKHP VLPXOWDQHRXVO\� 7KLUG� VXSSRVH ZH QRUPDOL]H WKH HTXDWLRQV E\ GLYLGLQJ

HDFK WKURXJK E\ LWV UHVSHFWLYH OLPLW �ULJKW VLGH RI WKH LQHTXDOLW\�� WKHQ DOO WKH ULJKW VLGHV EHFRPH XQLW\�

DQG WKH OHIW VLGHV ORRN OLNH D PDWUL[ PXOWLSO\LQJ D YHFWRU�

$ ⋅ [ ≤ HA �

ZKHUH HA LV D FROXPQ YHFWRU� HDFK RI ZKRVH HOHPHQWV LV ��

&OHDUO\� IRU HDFK [ WKH PRVW UHVWULFWLYH LQHTXDOLW\ LV WKH RQH ZLWK WKH ODUJHVW �SRVLWLYH� FRHIILFLHQW IRU

WKDW [� DIWHU QRUPDOL]DWLRQ� 7KH ODUJHVW FRHIILFLHQW RI [� LV
�⁄��� RFFXUULQJ LQ WKH VHFRQG LQHTXDOLW\

�OLPLWDWLRQ RI DVSKDOW�� 7KH ODUJHVW IRU [� LV
�⁄��� IURP WKH IRXUWK �OLPLWDWLRQ RI PDFKLQH WLPH�� $QG

�������
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�� 7KLV H[DPSOH FRPHV IURP (�'� 1HULQJ DQG $�:� 7XFNHU� /LQHDU 3URJUDPV DQG 5HODWHG 3UREOHPV �$FD�
GHPLF 3UHVV� ,QF�� 6DQ 'LHJR� ������



WKH ODUJHVW IRU [� LV
�⁄��� IURP WKH WKLUG LQHTXDOLW\ �OLPLWDWLRQ RI ODERU�� +HQFH ZH NQRZ WKH VROXWLRQ�

LI DQ\� OLHV LQ WKH UDQJHV

[�
[�
[�

∈
∈
∈

>����@

>����@

>����@

��������� �
���� ������	
/LQHDU SURJUDPPLQJ GHDOV ZLWK WKH SUHFHGLQJ NLQG RI SUREOHP� D PDQXIDFWXUHU·V WRWDO SURILW LV WKH

VXP RI SURILWV IURP SURGXFLQJ [� RI RQH LWHP� [� RI DQRWKHU� HWF� 7KDW LV� WKH WRWDO FDQ EH H[SUHVVHG DV

DQ REMHFWLYH IXQFWLRQ OLQHDU LQ [� WKH PRVW JHQHUDO IRUP IRU WKLV IXQFWLRQ LV REYLRXVO\

3([) = D(�) ⋅ [ �
$OO WKH [N·VPXVW EH SRVLWLYH RU ]HUR³LW LV LPSRVVLEOH WRPDQXIDFWXUH D QHJDWLYH TXDQWLW\ RI VRPHWKLQJ�

7KXV�

[N ≥ �� N = �� ��… � 1−� �

7KH FRVWV RI PDQXIDFWXULQJ WKH SURGXFWV� DV ZHOO DV FRQVWUDLQWV RI DYDLODELOLW\ DQG�RU PLQLPXP

UHTXLUHPHQWV� IRU PDWHULDOV DQG ODERU� DUH H[SUHVVHG DV LQHTXDOLWLHV �RU HTXDOLWLHV� RI WKH IRUP

D
→(N)⋅[→≤ EN � N=������P� � (EN ≥�)

D
→(N)⋅[→≥ EN ≥ �� N=P�+������P�+P�

D
→(N)⋅[→= EN ≥ �

N =P�+P�+������ P�+P�+P�

7KH0 ≡P� +P� +P� FRQVWUDLQWV PD\ EH PRUH RU OHVV QXPHURXV WKDQ WKH QXPEHU 1 RI XQNQRZQV�

$V �PDWKHPDWLFDOO\ LQFOLQHG� EXVLQHVVPHQ ZH VKRXOG OLNH WR ILQG DQ 1�GLPHQVLRQDO YHFWRU [→WKDW
PD[LPL]HV RXU SURILW� 6RPHWLPHV WKLV PHDQV ZHPD[LPL]H 3([→) VXEMHFW WR WKH DERYH FRQVWUDLQWV� RWKHU
WLPHV ZH PLQLPL]H LW� $V DQ H[DPSOH RI WKH ODWWHU� ZKHQ ZH UDLVH OLYHVWRFN XVLQJ IHHGV FRQWDLQLQJ

GLIIHUHQW DPRXQWV RI HVVHQWLDO QXWULHQWV DQG YDU\LQJ LQ FRVW SHU XQLW RI IHHG� ZHPXVW IHHG HDFK DQLPDO

ZKDW LW QHHGV� 7KH FRQVWUDLQWV IRU HDFK HVVHQWLDO QXWULHQW DUH LQHTXDOLWLHV

D
→(N)⋅[→≥ EN ≥ �� [M ≥ ��

ZKLFK GHWHUPLQH KRZ ZH FDQ IHHG RXU EHDVWV DV FKHDSO\ DV SRVVLEOH�

/����0���	�������	�
���
7KH OLWHUDWXUH RI OLQHDU SURJUDPPLQJ FDQ EH LPSHQHWUDEOH� 7KH DGPLUDEOH FRPSHQGLXP 1XPHULFDO

5HFLSHV
� QRWHV

&& .�	�������������	�



“As you see, the subject of linear programming is surrounded by notational and terminological
thickets. Both of these thorny defenses are lovingly cultivated by a coterie of stern acolytes who
have devoted themselves to the field.”

&RQVLGHU WKH YHU\ QDPH RI WKH VXEMHFW� LW LV REYLRXVO\ OLQHDU� EXW ZK\ FDOO LW SURJUDPPLQJ" ,Q IDFW WKH

WHUP EHORQJV WR DQ HUD DQWHGDWLQJ FRPSXWHUV DQG FRPSXWHU SURJUDPV� ,WV VHQVH ZDV ´JRYHUQPHQW

SURJUDPµ³DV DSSOLHG LQ WKH 'HSDUWPHQWV RI $JULFXOWXUH� 'HIHQVH RU +HDOWK DQG+XPDQ 5HVRXUFHV�

$ YHFWRU RI QRQ�QHJDWLYH FRPSRQHQWV WKDW VDWLVILHV WKH FRQVWUDLQWV LV FDOOHG IHDVLEOH� ,I LW DOVR

PD[LPL]HV 3([→) LW LV FDOOHG RSWLPDO� 7KHUH PLJKW EH QR YHFWRU DW DOO WKDW VROYHV WKH SUREOHP³IRU

H[DPSOH� WKHUH PLJKW EH QR IHDVLEOH YHFWRUV� $OWHUQDWLYHO\� WKH FRQVWUDLQWV PLJKW QRW FRQVWUDLQ

VXIILFLHQWO\� DOORZLQJ RQH RU PRUH RI WKH [N·V WR EH PDGH LQILQLWH� WKXV PDNLQJ WKH REMHFWLYH IXQFWLRQ

LQILQLWH� 6R D FRPSXWHU SURJUDP WR VROYH WKH SUREOHP PXVW GHWHUPLQH ZKHWKHU D VROXWLRQ DFWXDOO\

H[LVWV ZKLOH WU\LQJ WR FRPSXWH LW�

,W ZDV RQFH WKRXJKW WKDW WKH JHQHUDO OLQHDU SURJUDPPLQJ SUREOHP ZDV 13�FRPSOHWH� $QG LQ IDFW WKH

DOJRULWKP ZH H[SRXQG KHUH� WKH VLPSOH[ PHWKRG
�� KDV D ZRUVW�FDVH UXQQLQJ WLPH WKDW LQFUHDVHV

H[SRQHQWLDOO\ZLWK WKH VL]H RI WKH SUREOHP��� ,Q ����� KRZHYHU� WKH5XVVLDQPDWKHPDWLFLDQ.KDFKL\DQ

IRXQG DQ DOJRULWKP WKDW UXQV LQ SRO\QRPLDO WLPH��� 6XEVHTXHQWO\ .DUPDUNDU IRXQG D YDVWO\ PRUH

SUDFWLFDO SRO\QRPLDO�WLPH DOJRULWKP���

,Q WKDW FDVH� ZK\ ERWKHU WR GLVFXVV WKH VLPSOH[ PHWKRG KHUH" 7KH DQVZHU LV WKDW IRU PRVW SUREOHPV

WKH VLPSOH[ PHWKRG LV PXFK EHWWHU WKDQ WKH ZRUVW FDVH� L�H� LW LV UHDVRQDEO\ HIILFLHQW� 0RUHRYHU LW LV

PXFK HDVLHU WR SURJUDP WKDQ .DUPDUNDU·V PHWKRG� DQG IRU SUREOHPV RI PRGHUDWH VL]H LV IDVWHU� 7KH

SRO\QRPLDO�WLPH DOJRULWKP ZLQV �DQG E\ IDFWRUV RI XS WR ��� IRU SUREOHPV ZLWK XSZDUGV RI ����

YDULDEOHV� VXFK DV HQFRXQWHUHG LQ³VD\³HFRQRPLF PRGHOV GHVFULELQJ PDMRU LQGXVWULDO VHFWRUV RU

ZKROH QDWLRQV�
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�� 7KH VLPSOH[ DOJRULWKP ZDV LQYHQWHG E\ *�%� 'DQW]LJ LQ �����

��� 7KLV ZDV VKRZQ E\ D IDPLO\ RI H[DPSOHV FRQVWUXFWHG E\ 9� .OHH DQG *�-� 0LQW\� ´+RZ JRRG LV WKH VLP�
SOH[ DOJRULWKP"µ ,QHTXDOLWLHV�,,,� 2� 6KLVKD� HG� �$FDGHPLF 3UHVV� 1HZ <RUN� ������

��� /�*� .KDFKL\DQ� ´$ SRO\QRPLDO DOJRULWKP LQ OLQHDU SURJUDPPLQJµ� 'RNODG\ $NDGHPLD 1DXN 6665 ���
������ ����������

��� 1�.� .DUPDUNDU� ´$ QHZ SRO\QRPLDO�WLPH DOJRULWKP IRU OLQHDU SURJUDPPLQJµ� &RPELQDWRULD � ������
�������� 6HH DOVR %\WH 0DJD]LQH� 6HSWHPEHU ����� IRU D SRSXODU H[SRVLWLRQ DQG %$6,& SURJUDPV LP�
SOHPHQWLQJ .DUPDUNDU·V DOJRULWKP�
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7R VHH KRZ WKH DOJRULWKP ZRUNV� OHW XV UHWXUQ WR RXU H[DPSOH SUREOHP� ZKRVH LQHTXDOLWLHV KDYH EHHQ

�UH�H[SUHVVHG DV
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7KH ILUVW VWHS LV WR LQWURGXFH D QHZ VHW RI YDULDEOHV� \N� VR�FDOOHG VODFN YDULDEOHV
�� WKDW FRQYHUW WKH

LQHTXDOLWLHV WR HTXDOLWLHV�

\� = � − �⁄�� [� − �⁄��� [� − �⁄�� [�

\� = � − �⁄�� [� − � [� − �⁄��� [�

\� = � − �⁄�� [� − �⁄��� [� − �⁄�� [�

\� = � − �⁄�� [� − �⁄�� [� − �⁄�� [�
7KH RULJLQDO OLQHDU SURJUDPPLQJ SUREOHP KDV QRZ EHHQ SXW LQ UHVWULFWHG QRUPDO IRUP� �,Q IDFW� DQ\

VXFK SUREOHP FDQ EH SXW LQWR UHVWULFWHG QRUPDO IRUP�� 7KH QH[W VWHS LV WR ZULWH WKH V\VWHP LQ WDEXODU

IRUP�

[� [� [�
3 � �� � ���

\� � −�⁄�� −�⁄��� −�⁄��
\� � −�⁄�� � −�⁄���
\� � −�⁄�� −�⁄��� −�⁄��
\� � −�⁄�� −�⁄�� −�⁄��

7KH ILUVW OLQH �´]�URZµ� UHSUHVHQWV WKH REMHFWLYH IXQFWLRQ 3([)� WKH QH[W IRXU OLQHV UHSUHVHQW WKH

FRQVWUDLQWV H[SUHVVHG DV HTXDOLWLHV� 7KH \·V LQ WKH VWDUWLQJ WDEOHDX DUH FDOOHG ´OHIW�KDQG YDULDEOHVµ

�/+9V�� DQG WKH [·V ´ULJKW�KDQG YDULDEOHVµ�5+9·V��

7KH VLPSOH[ PHWKRG SURFHHGV YHU\ PXFK OLNH SLYRWDO HOLPLQDWLRQ� :H FKRRVH D ULJKW�KDQG YDULDEOH

ZLWK D SRVLWLYH FRHIILFLHQW LQ 3 �EHFDXVH RWKHUZLVH LQFUHDVLQJ LW ZRXOG PDNH 3 VPDOOHU�� 5HFDOO WKHVH

FRHIILFLHQWV DUH IRXQG LQ WKH ]�URZ�

1H[W ZH ORRN IRU WKH �FRQVWUDLQW� URZ LQ WKH WDEOHDX ZLWK WKH OHDVW �PRVW QHJDWLYH� FRHIILFLHQW XQGHU

WKH FKRVHQ 5+9� �7KLV ZLOO SURGXFH WKH VPDOOHVW YDOXH RI WKDW 5+9�� )LQDOO\� ZH VHH ZKLFK RI VXFK

YDOXHV RI WKH VHOHFWHG 5+9·V ZRXOG SURGXFH WKH ELJJHVW LQFUHDVH LQ 3�

&+ .�	�������������	�

��� 7KH\ DUH FDOOHG VODFN YDULDEOHV EHFDXVH WKH\ ´WDNH XS WKH VODFNµ� 1RWH WKDW DOO WKH \·V DUH SRVLWLYH�



,Q WKH VWDUWLQJ WDEOHDX DOO WKUHH 5+9·V KDYH SRVLWLYH FRHIILFLHQWV LQ 3³WKH\ DOO TXDOLI\�

[� [� [�
3 � �� � ���

\� � −�⁄�� −�⁄��� −�⁄��
\� � −�⁄�� � −�⁄���
\� � −�⁄�� −�⁄��� −�⁄��
\� � −�⁄�� −�⁄�� −�⁄��

7KH PLQLPXP YDOXHV RI [�� [� DQG [� DUH� UHVSHFWLYHO\� ��� �� DQG ��� 7KHVH SURGXFH FRUUHVSRQGLQJ

FKDQJHV RI ����� ���� DQG ���� LQ 3� +HQFH WKH SLYRW HOHPHQW LV

D�� = −�⁄�� �

VKRZQ ER[HG LQ WKH WDEOHDX� :H WKHQ XVH URZ � WR HOLPLQDWH [� LQ IDYRU RI [�� [� DQG \��

[� = �� (� − \� − �⁄��� [�)�

7KLV OHDGV WR WKH UHYLVHG WDEOHDX�

[� [� \�
3 ��� � ���� ����

\� �⁄� −�⁄��� " �⁄�
\� �⁄� −�⁄��� " �⁄�
\� �⁄� −�⁄�� " �⁄�
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)LOO LQ WKH FRHIILFLHQWV RI [� ZH KDYH UHSUHVHQWHG DV TXHVWLRQ PDUNV LQ WKH DERYH WDEOHDX�
5^T _V 5hUbSYcU

1RZ ZH QRWLFH LPPHGLDWHO\ WKDW WKH FRHIILFLHQW LQ 3 RI \� LV QHJDWLYH� KHQFH WKH EHVW WKDW FDQ EH

GRQH LV WR VHW \� WR ]HUR� :H GR WKLV� JLYLQJ WKH VLPSOLILHG WDEOHDX

[� [�
3 ��� � ����

\� �⁄� −�⁄��� "

\� �⁄� −�⁄��� "

\� �⁄� −�⁄�� "

%XW WKH FRHIILFLHQW RI [� LQ 3 LV DOVR QHJDWLYH� 7KXV ZH PXVW VHW [� = �� �7KDW LV ZK\ LW ZDV QRW VR

LPSRUWDQW WR FDOFXODWH LWV FRHIILFLHQWV��

2I WKH UHPDLQLQJ TXDOLI\LQJ �QHJDWLYH� FRHIILFLHQWV� −�⁄�� LV WKH OHDVW� KHQFH ZH QH[W HOLPLQDWH [� XVLQJ
URZ ��

�������
 ����������	�
����������������� � &,
��������! �����������	



[� = ��(� − \�)�

7KH UHVXOWLQJ WDEOHDX LV LQ LWV WHUPLQDO IRUP�

\�
3 ��� ����

\� �⁄� −�⁄���
\� �⁄� −�⁄���

REYLRXVO\ \� = �� [� = ��� DQG %RE·V \RXU XQFOH��� 7KH PD[LPXP RI 3 LV ���� DFKLHYHG ZLWK YDOXHV











[�
[�
[�










=







��

��

�







�

AeAeUUcdYcdY__^̂

,V WKH DERYH VROXWLRQ IHDVLEOH �L�H� GRHV LW VDWLVI\ DOO WKH FRQVWUDLQWV�"

)�������
�*��������
/HW XV UHFDOO WKH VWHSV RI WKH VLPSOH[ DOJRULWKP�

• FRQVWUXFW WKH VWDUWLQJ WDEOHDX

• VHOHFW D SLYRW HOHPHQW�

• H[SUHVV D VHOHFWHG ULJKW�KDQG YDULDEOH LQ WHUPV RI LWV VODFN YDULDEOH DQG UHPDLQLQJ 5+9·V�

• FRQVWUXFW UHGXFHG WDEOHDX �ZLWK RQH IHZHU URZ��

• SUXQH FROXPQV ZLWK QHJDWLYH FRHIILFLHQWV LQ WKH ]�URZ�

• LWHUDWH XQWLO GRQH RU XQWLO UHPDLQLQJ FRQVWUDLQWV EHFRPH LQIHDVLEOH�

'- .�	�������������	�

��� …DV RXU %ULWLVK IULHQGV PLJKW VD\� PHDQLQJ ´6HH KRZ HDV\ WKDW ZDV"µ



,Q SVHXGRFRGH� ZH PLJKW H[SUHVV WKHVH VWHSV DV

: }}simplex ( adr --)
tableau! \ make tableau (in restricted normal form)
BEGIN

>pivot \ find pivot element
reduce \ eliminate row with pivot element; re-express

\ all other rows in terms of the (eliminated) RHV
prune \ drop columns with negative coefficients in z-row
done?

UNTIL
;

:KDW ZRXOG ZH GR LI ZH ZHUH WU\LQJ WR PLQLPL]H DQ REMHFWLYH IXQFWLRQ UDWKHU WKDQ PD[LPL]H LW" 7KDW

LV� VXSSRVH ZH ZHUH WU\LQJ WR VROYH WKH DQLPDO IHHG SUREOHP UHSUHVHQWHG E\ WKH IROORZLQJ WDEOHDX�

SURWHLQ FDUER�

K\GUDWH

URXJKDJH FRVW�ZN

KD\ �� �� �� 3.80

RDWV �� �� �� 5.00

SHOOHWV �� � �� 3.50

VZHHW IHHG �� �� �� 8.00

WRWDO UHT� ��� ��� ���� ?

2XU FRQVWUDLQWV QRZ ORRN OLNH

�� \� + �� \� + �� \� + �� \� ≥ ���

�� \� + �� \� + � \� + �� \� ≥ ���

�� \� + �� \� + �� \� + �� \� ≥ ����

DQG ZH ZDQW WR PLQLPL]H

&( \ ) = ��� \� + ��� \� + ��� \� + ��� \�

7R SXW WKH SUREOHP PRUH IRUPDOO\� ZH ZDQW WR PLQLPL]H

&( \ ) =
GI

F ⋅ \

VXEMHFW WR WKH FRQGLWLRQV

$ ⋅ \ ≥ E� \ ≥ � �

&RQYHUVHO\� WKH HDUOLHU SUREOHP ZDV WR PD[LPL]H

3( [ ) = E ⋅ [

VXEMHFW WR FRQGLWLRQV

$
a

⋅ [ ≤ F� [ ≥ � �

�������
 ����������	�
����������������� � '
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ZKHUH $
a
VLJQLILHV WKH WUDQVSRVH RI WKH PDWUL[ $�

:H PD\ QRWH WKDW

E ⋅ [ ≤ [ ⋅ ($ ⋅ \) ≡ \ ⋅ ($
a
⋅ [) ≤ F ⋅ \

VR WKDW LI ZH DGMXVW WKH \·V WR PLQLPL]H &( \ )� RU DGMXVW WKH [·V WR PD[LPL]H 3( [ )� WKH YDOXHV PXVW EH
HTXDO LI WKHUH LV DQ\ VROXWLRQ DW DOO� +HQFH D PLQLPL]DWLRQ SUREOHP ZLWK ´JUHDWHU�WKDQµ FRQVWUDLQWV

FDQ EH FRQYHUWHG LQWR D PD[LPL]DWLRQ RQH ZLWK ´OHVV�WKDQµ FRQVWUDLQWV VLPSO\ E\ LQWHUFKDQJLQJ WKH

ULJKW� DQG OHIW�KDQG YDULDEOHV RI WKH SUREOHP�

7KH �PD[LPL]DWLRQ� WDEOHDX FRUUHVSRQGLQJ WR WKH SUHFHGLQJ OLYHVWRFN IHHGLQJ SUREOHP EHFRPHV

[� [� [�
3 � ��� ��� ����

\� ��� ��� ��� ���

\� ��� ��� ��� ���

\� ��� ��� �� ���

\� ��� ��� ��� ���

55hUhUbbSYSYccUU

DbQ^c\QdU dXU `cUeT_S_TU ceRb_edY^U }}simplex Y^d_ Q 6_bdX b_edY^U dXQd ]Y^Y]YjUc Q^ _RZUS�
dYfU Ve^SdY_^ gX_cU S_^cdbQY^dc QbU Q\\ Uh`bUccUT Qc e``Ub R_e^Tc �Qc Y^ dXU V\__b S_fUbY^W UhQ]�
`\U QR_fU�� DUcd Yd _^ dXU UhQ]`\Uc WYfU^ QR_fU�

A Fortran subroutine for the simplex algorithm15 is displayed on the next two pages, shorn
of three subroutines that it calls. We quote it just to reiterate how hard it is to understand
long subroutines, no matter how prettily displayed or well-commented. 
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C SIMPLEX ALGORITHM FOR LINEAR PROGRAMMING
C -- FROM "NUMERICAL RECIPES" (SEE TEXT)
C -- BASED ON THE IMPLEMENTATION OF
C KUENZI, TSZCHACH AND ZENDER
C  "NUMERICAL METHODS OF MATHEMATICAL
C OPTIMIZATION" (ACAD. PRESS, NY, 1971)
C
      SUBROUTINE SIMPLX(A,M,N,MP,NP,M1,M2,M3,ICASE,IZROV,IPOSV)
      PARAMETER(MMAX=100,EPS=1.E-6)
      DIMENSION A(MP,NP),IZROV(N),IPOSV(M),L1(MMAX),L2(MMAX),L3(MMAX)
      IF(M.NE.M1+M2+M3)PAUSE ’Bad input constraint counts.’
      NL1=N
      DO 11 K=1,N
        L1(K)=K
        IZROV(K)=K
 11   CONTINUE
      NL2=M
      DO 12 I=1,M
        IF(A(I+1,1).LT.0.)PAUSE ’Bad input tableau.’
        L2(I)= I
        IPOSV(I)= N+I
 12    CONTINUE
      DO 13 I= 1,M2
        L3(I)= 1
 13    CONTINUE
      IR = 0
      IF(M2+M3.EQ.0)GO TO 30
      IR=1
      DO 15 K=1,N+1
        Q1=0.
        DO 14 I= M1+1,M
          Q1= Q1+A(I+1,K)
 14     CONTINUE
        A(M+2,K)=-Q1
 15   CONTINUE
 10   CALL SIMP1(A,MP,NP,M+1,L1,NL1,0,KP,BMAX)
      IF(BMAX.LE.EPS.AND.A(M+2,1).LT.-EPS)THEN
        ICASE= -1
        RETURN
      ELSE IF(BMAX.LE.EPS.AND.A(M+2,1).LE.EPS)THEN
        M12 = M1+M2+1
        IF(M12.LE.M)THEN
          DO 16 IP = M12,M
            IF(IPOSV(IP).EQ.IP+N)THEN
              CALL SIMP1(A,MP,NP,IP,L1,NL1,1,KP,BMAX)
              IF(BMAX.GT.0.)GO TO 1
            ENDIF
 16       CONTINUE
        ENDIF
        IR = 0
        M12 = M12-1
        IF(M1+1.GT.M12)GO TO 30
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        DO 18 I =M1+1,M12
          IF(L3(I-M1).EQ.1)THEN
            DO 17 K = 1,N+1
              A(I+1,K)=-A(I+1,K)
 17         CONTINUE
          ENDIF
 18     CONTINUE
        GO TO 30
      ENDIF
      CALL SIMP2(A,M,N,MP,NP,L2,NL2,IP,KP,Q1)
      IF(IP.EQ.0)THEN
        ICASE = -1
        RETURN 
      ENDIF
 1     CALL SIMP3(A,MP,NP,M+1,N,IP,KP)
      IF(IPOSV(IP).GE.N+M1+M2+1)THEN
        DO 19 K = 1,NL1
          IF(L1(K).EQ.KP)GO TO 2
 19     CONTINUE
 2       NL1=NL1-1
        DO 21 IS = K,NL1
          L1(IS)=L1(IS+1)
 21     CONTINUE
      ELSE
        IF(IPOSV(IP).LT.N+M1+1)GO TO 20
        KH = IPOSV(IP)-M1-N
        IF(L3(KH).EQ.0)GO TO 20
        L3(KH) = 0
      ENDIF
      A(M+2,KP+1) = A(M+2,KP+1)+1.
      DO 22 I = 1,M+2
        A(I,KP+1)= -A(I,KP+1)
 22    CONTINUE
 20    IS=IZROV(KP)
      IZROV(KP)= IPOSV(IP)
      IPOSV(IP)= IS
      IF(IR.NE.0)GO TO 10
 30    CALL SIMP1(A,MP,NP,0,L1,NL1,0,KP,BMAX)
      IF(BMAX.LE.0.)THEN
        ICASE = 0
        RETURN
      ENDIF
      CALL SIMP2(A,M,N,MP,NP,L2,NL2,IP,KP,Q1)
      IF(IP.EQ.0)THEN
        ICASE = 1
        RETURN
      ENDIF
      CALL SIMP3(A,MP,NP,M,N,IP,KP)
      GO TO 20
      END 
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